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1 INTRODUCTION AND PRELIMINARIES

Now, we are commemorating the platinum jubilee for stability of functional equations
[1,2,9,10,11,12,13,21,22,23]. The solution and stability of various functional equation in various normed
spaces were introduced and discussed in [3,4,18,19,20,24] and reference cited there in.

The solution and stability of the following quartic functional equations
g2x+y+2)+g2x+y—-2)+9g(2x —y+2)+ g(-2x + y + z) +16g(y) +169(z)

= 8[g(x+ y) + g(x — y) + g(x + 2) + g(x — )]+ 2[g(y + 2) + 9(y — 2)] + 329(X)
g2x+y+2)+9g(2x+y—-2)+g(2x -y +2) +9(-2x+ y + 2) + g(2y) + g(22)

= 8[g(x+ Y)+g(x = y)+9(x +2) + g(x = )] + 2[g(y + 2) + g(y — 2)] + 329 (X)
were investigated by M.Arunkumar [3,4].

(1.1)

1.2)

Now, we present basic definitions in Fuzzy normed space as given in [5,6,7,8,14,15,16,26].
Definition 1.1 Let X be a real linear space. A function N : X xP —[0,1] is said to be a fuzzy norm

on X ifforall X,ye X andall s;teP,
(F1) N(x,c)=0 for c<0;
(F2) x=0 ifand only if N(x,c) =1 forall ¢ >0;

(F3) Ni(cx,t) = ka, 1_(t:_U| if c#0;

(F4) N(x+vy,s+t) > min{N(x,s), N(y,)};
(F5) N(x,) is a non-decreasing function on P and lim,_, N(x,t) =1,
(F6)  for x =0, N(X,") is (upper semi) continuous on P .

The pair (X, N) is called a fuzzy normed linear space. One may regard N(X,t) as the truth-
value of the statement the norm of X is less than or equal to the real number t °.

Example 1.2 Let (X || -]|) be a normed linear space. Then
t t>0, xe X,
N (xt) =T+
0, 1<0, xeX
is a fuzzy normon X .
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Definition 1.3 Let (X, N) be a fuzzy normed linear space. Let {X,} be a sequence in X . Then X, is
said to be convergent if there exists X € X such that [im N (X, — X,t) =1 forall t > 0. In that case, X

n—o

is called the limit of the sequence X, and we denote it by N —limX, = X.

nN—o0

Definition 1.4 A sequence {X,} in X is called Cauchy if for each € >0 and each t > 0 there exists

N, such that forall N>n, andall p >0, we have N(X,,, — X,,t) >1-¢.

Definition 1.5 Every convergent sequence in a fuzzy normed space is Cauchy. If each Cauchy sequence is
convergent, then the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy
Banach space.

n+p

The main purpose of this article is to institute the generalized Ulam — Hyers stability of a quartic
functional equation
q(3u, +2u,+Uu,) + q(3u, + 2u,—u,) + q(3u, — 2u, +u,) + q(3u, — 2u, —u,) +96q(u,) + 48q(u,) (1.3)
=72[q(u +u )+q(u —u )]+18[q(u +u )+q(u —u )]+8[au +u)+aqu -u )]+144q(u)
1 2 1 2 1 3 1 3 2 3 2 3 1

in fuzzy normed space using direct and fixed point methods.

Now, we will recall the fundamental result in fixed point theory.
Theorem 1.6 [17, 20] (The Alternative of Fixed Point) Suppose that for a complete generalized metric

space (X,d) and a strictly contractive mapping T : X — X with Lipschitz constant L. Then, for each
givenelement x € X, either
(FP1) d(T"x,T"X) =0 V n>0, or
(FP2) there exists a natural number Ng such that:
(i) d(T"x,T™X)<oo forall n>n;
(ii) The sequence (T "X) is convergent to a fixed point y* of T
(iii) y* isthe unique fixed pointof T intheset Y ={y e X :d(T 0%, y) < oo}

(iv) d(y*y) < ﬁ d(y,Ty) forall y €Y.

To provide stability results, throughout this article let us presuppose the following.
U be Linear Space; (W, F ') be Fuzzy Normed Space;(V, F ') be Fuzzy Banach Space .

Now, define a mapping q:U ——V by
Q(uy, Uy, ;) =0q(3u, +2u, +U,) +q(3u, + 2u, —u,) +q(3u, — 2u, +Uu;) +q(3u, —2u, —Uu,) +96q(u,) + 48q(u,)
- 72[q(u, +u,) +q(u, —u,) | -18[q(u, +u,) + q(u, —u,)]-8[q(u, +u,) +q(u, —u,)]-144q(u,)
for all ug,uz,us eU .

2. FUZZY STABILITY: DIRECT METHOD ANALYSIS
Theorem 2.1 If q:U ——V fulfilling the functional inequality

F(Q(uy,u,,u5),8) > F'(R(uy,u,,u5),8) (.1)
for all ug,uz,u3 €U and all 3 >0, where R:U®——W be a mapping satisfying the conditions
F(R(6°u,6°u,6°u).0 ) > F (AR (uuu)d ) (22)
and
i ' B g%, BB _
limF (R(e u,6%u,6 u),S)_l 2.3)
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forall ueU and all & >0 with 0==+1and 0< (A/G)<> <1. Then there exists one and only quartic
function Q:U ——V satisfying the functional equation (1.3) and

F(Qu)- q(u)é)
>m|n1F|R(uuu)5|6 An (R(uOu) 25|6 AWFIR(QUQ) 6235 |6' - ) (24)
\

forall ueU andall 5 >0.
Proof. First we give proof for ¢ =1 and the for ¢ =—1 the proof is similar to that of ¢ =1.

Case 1: 0=1. Replacing (u,,u,,u;) by (u,u,u) in (2.1), we obtain
F (q(6u) + q(4u) - 97q(u),d ) > F (R (u,u,u),8 ) (2.5)

forall ueU and all & >0. Again replacing (u1,uz,us) by (u,0,u) in (2.1) and using the definition of
FNS, we get

F (2q(4u) -16q(4u) - 352q(u),8 ) > F '(R (u,0,u),8 ) or
F (q(4u) - 8q(4u) ~128q(u),5 ) > F (R (u,0,u), 25 ) (2.6)

forall ueU and all & >0. Once again and finally replacing (u,,u,,u;) by (0,u,0) in (2.1) and using
the definition of FNS, we have

F (4q(2u) - 64q(u),5 ) > F '(R (0,u,0),3 )

F (a(2u) -16q(u),d ) > F (R (0,u,0),43 ) 2.7)
forall ueU andall & >0. Combining (2.5), (2.6), (2.7) and using the definition of FNS, we arrive
F (q(6u) -1296q(u),6263 )

= F (q(6u) + q(4u) —97q(u) — q(4u) + 8q(4u) + 28q(u) +89q(2u) —1424q(u),6265 )
> min{F (q(6u) + q(4u) - 97q(u),3 ), F (q(4u) — 8q(4u) —128q(u), 23 ), F (89q(2u) ~1424q(u),6235 ) }
> min{F'(R(uu,u).8 ),F'(R(u0u),25 ), F'(R(0u0)6235 ) } (2.8)

for all (f(éb and aII %% *t follows from (2.8) that using the definition of FNS, we achieve
F b min{ F'(R (uuu)3 ), F(R(0,0u),25 ),F(R(04,0),6235 )} 29)

\_6_ _6_
forall ueU and aII 0 >0. Itiseas %/ to verlfy from (2.9), (2.2) and using the definition of FNS, we reach
F[ 467U _qEu) 626 )
K—eﬁ@ﬁé— —h—,—— " O J (2.10)

> min{F '(R(u,u,u)S) F'(R(u,0u),28 ),F'(R(0,,0),6235 ) }

forall ueU andall 6 >0. From g%l(g) one can simple to confirm that
a( p-1 q(G“*lu) q(6* u)

—aF— u _ (2.11)
64 q() Zf) 64(a+1) 6(1
for all ueU . With the help of (2.11), (2.10 can be remodified as

Q(GBEU) 626 pa ( oo (( %l Q(G“u) 626 A* )|

e ZWS >mm%[UF@Am¢ ot |

> min{F '(R(u,u,u),8 ), F'(R(u,0,u),25 ), F'(R(0,u0),6235 ) } (212)
forall ueU and all & > 0. If we set uby 67 u in (2.12), and using the definition of FNS, we earn that
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(q(6P7u) q(67U) 626 4ip1 g
F - — 8
L 64B+1) 6% 6 0; Gl J (2.13)

> min{ F'(R (u,uu),8 ),F (R (u,0u),28 ),F'(R(0,,0),6235 ) }
TE&IL uu)er and all & >0. Using (2.2) and the definition of FNS in (2.13), we find the sequence

— tis a Cauchy sequence and it converges to a point Q(U) in V. Thus, define a mapping
J

L
Q:U—>V by /
Q(u):F —lim a(6},u) or lim FLQ(U)_ q(6;,1) ,6J=1 (2.14)
6

B oo 6 B
forall ueU and all 5 >0. Putting ¥ = 0and using the definition of FNS in (2.13), we bring out

FI[ q(6" u) 03
S |
1 F ‘(R(u,o,u), ZEE 1 F '(R(O,U,O), 623,)8 |

|

2mian'|'R(u,u,u),@§_l_Aa_ 626 LA 626 b1 A r
Rl GEIL SR

for all ueU and all & >0. Approaching B tends to infinity in (2.15) and using the definition of
Q(u), we acquire that

F(Q(u)-a().3)
R 6(6“—A)w ( 25 (6“—A)W '|( 6235 (64—A)W (2.16)
> minqF |kR(u,u,u), ),F KR(u,O,u), },F IkR(O,u,O), |

forall ueU and all & >0. Now, we want to show that Q(Uu') satisfies the quartic functional equation
(1.3), replacing (u,u ,u ) by (6°u ,6Pu ,6fu ) in(2.1), which yields
1 2 3 1 2 3
(1 Q(6Pu,6fu ,6fu ),6\2 F'(R(6'3u ,6fu ,6fu ),6) (2.17)
FLﬁﬁﬁ- 1 2 3 )| 1 2 3

for all u,,u,,u; €U and all & >0. At this moment,
F (Q(3uz +2uz +Us) +Q(3uz + 2uz —U3) +Q(3u1 — 2Uz +U3) + Q(3u1 — 2Uz — U3) + 96Q(u2) + 48Q(us3)
—72[Q(u1 +U2) +Q(u1 —u2)] —18[Q(u1 +U3) +Q(ur — U3)] 8[ Q(uz +u3) +Q(uz — ua)] 144Q(u1) 3)

( 1 ) 8 )
Zmin{ Q(3u, +2u, +Uu,) — que (3u +2U, +U,)), \JF|><Q(3U L+ 2u, — (6 (3u +2U, —U,)), — *
(3u —2u +u)- q(6" (Bu —2u +u )) Q(3u -2 —u)— q6"(Bu —2u ~u)), |,
Lf G4 1 2 3 mJ L 6 1 2 3 14)
Floequ )~ * qru),® | F as0q) - *® q@u 5\ (—144Q(U) 144 460u), S ),
R ) B or M
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,F(—72Q(u —u)+ r q(6ﬁ(u -u)), 5]
: ORI ¢!
18Q(u -u )+ 18 q(GB(u -u )) 0
L & |
(u —u)+ (GB(u —u))S\
)| )
1 (q(Gﬁ(Bu +2U +u ))+q(6f3‘(3u +2u —u ))+q(63(3u -2u +u))+q(6°(3u —2u —u))
+ P geru)+ P e )M aeru)- ] (q(66<u Fu )+ a6 @ +u )
64B 2 64[3 3 64B 1
(q(6ﬁ(u +u ))+q(eﬂ(u +U )))—— (q(6ﬁ(u +u ))+q(6ﬁ(u +u) )) = \}(2 18)
6 ! ! 6 14 )
for all uy,uz,uz €U and all & >0. Using (2.14) and (2.17) in (2.18) and using the definition of FNS, we

land
QQBuy+ 2u, +uy) + Q(3u; +2u, —uz) +Q(3u; — 2u, +U,) +Q(3u, — 2u, —u,) +96Q(u,) + 48Q(u,)

=72[Q(u1 +Uz) +Q(u1 —U2) | +18[ Q(u1 +U3) + Q(us — Us) ] +8[ Q(uz + Uz) + Q(uz — us) | +144Q(u1)
forall up,uz,us €U . This prove that Q(u) satisfies the quartic functional equation (1.3). Finally, we

72Q +u)+ [ a@ (U +u)),
64.9_

[e2] (o7
—)3;_/

—18Q(u +U )+ 18 q(6® (u +u ))

| :
(g
5

-8Q(u +u)+ q(GB(u +u)) ,F
64-[3— 2 3

conclude to prove that Q(u) is unique, assume Q'(u) is another quartic functional equation satisfying
(1.3) and (2.4) . Hence
F(Q(u)-Q'(u).25)
(Q(6°u) q(6"u) \ (Q'(u)(6"u) q@Pu) )
>m|n{[F|\_64ﬁ_ — g0 Fl\—64-ﬂ—_—6413—,6 ﬁ
! 56" (63 _A)\ ( 25 6% (63 —A)\ ( 6235 6% (6% — A A
>F'1R(6° u 6°u 6P ' '
( (6°u,6°u60u) °° 626 |7 R(@oU0.63Uy g — || F| R(0.601,0) 222 .t(m ) |
\ )\ )\
forall ueU and all & > 0. Applying the convergence, we end up with Q(u) is unique. Thus, the proof
of the theorem is complete

Example 2.2 If q:U ——V fulfilling the functional inequality
F(Q(uy,u,,u,),8)>F'(b,8) (2.19)
for all ug,uz2,uz €U and all & >0 where b is a positive integer. Then there exists one and only quartic
function Q:U——V satisfying the functional equation (1.3) and
F(Q(u)- . )>F'(3b5 p* 1) (2.20)
forall ueU andall 5 >0.

Example 2.3 If q:U ——>V fulfilling the functional meqH,Jalgy
F(Q(uy,U,,u,),8) > F' IKbZIu B 5)| (2.21)

i=1

for all ug,u2,u3 €U and all & >0 where b is a positive integer and a=4. Then there exists one and

only quartic function Q :U ——V satisfying the functional equation (1.3) and
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F(Q(u)- a8 )= F(6blu]d p* -6 (2.22)
forall ueU and all 3 >0.

Example 2.4 If q:U ——>V fulfilling the functional ine?ualigty

a )
F(Q(uy,Uy,U),8) = F | b] Jlu "8 | (2.23)
-1 )
for all u,uz,u3 €U and all 6 >0 where b is a positive integer and zai #4 . Then there exists one
i=1
and only quartic function Q:U ——V satisfyir}g the functional equation (1.3) %nd
T

F(Q(u)-q)d)>F tezﬁb up 36t 6

J (2.24)

forall ueU andall & >0.

3. FUZZY STABILITY: FIXED POINT METHOD ANALYSIS
Theorem 3.1 If q:U ——V fulfilling the functional inequality (2.1) for all u,u,,u;€U and all

8 >0, where R:U®——W beamapping satisfying the condition
IimF'(R( Pu, Pu, Bu),é‘) =1; where [ 6, 0=0; (3.1)
0o, 0, 0O, 0~ _
Y6, 0=1;

B ow

forall ueU andall & > 0. If there exists L such that the function

Fr(R(uuu),6265 ) =min{F'(R(u/6u bu )5),F'(R(u 60u §),25),F'(R(0u §,0)6235 )}

3.2)
with the property

(1 (0 0u ),
Taf0utunu . |
FF|U]O [DO’DO’DOJ,SJ FF(LR(u,u,u),S) (33)

forall ueU and all 3 >0. Then there exists one and only quartic function Q :U——V satisfying

the functional equation (1.3) and [ L
LT
F(Q(u)-q(u)d )= F.|
(1-L

forall ueU and all 3 >0.

)
R(u,u,u),SJ (3.4)

Proof. Consider aset @ = { plp:U—>V,p(0)= 0}. Define a metric d on @,

d(p,q) =inf {K €(0,20) | F (p(x) - q(x),8 ) > F'(K Ru,u,u),8 ) }.
for all ueU and all & >0. It is simple to notice that (®,d) is complete. Define T:®——>® by

1
Tq(x) = D—q(D ,X), forall xeU. For p,qed, it is effortless to validate that d (Tp,Tq) < Ld(p,q).

O
Therefore T is strictly contractive mapping on @ with Lipschitz constant L. It follows from (2.8) that

F (q(6u) ~12960(u),6265 )> min{ F*(R (uu,u).3 ), F'(R(u0u),28 ),F'(R(0,u,0),6235 ) } (35)

forall ueU and all 5 >0. From (3.5), we arrive
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F[d (66“) q(u)6268\>m|n£F(lR(uuU)5 (1R(u0U)25\ (|E4R(0U0)6235\1|F
\ Y L\ )\

) U )]
(3.6)
forall ueU andall & > 0. With the help of (3.2), (38.3)and 0= 0, (3.6) can transformed into
F(Ta(u)-q).d8 )= Fe (L'R(u,u,u),8 )= F(Tau) -q(),8 )= F(L"R(u,u,u),8) @7
forall ueU andall 5 >0. Changing u by u b in (3.5), we have

F (q(u) —6*q(u §),6265 )2 min{F '(R(uu pu 6)8),F'(R(u g0u ),25),F(R(Ou 60),6235 )}

(3.8)

forall ueU and all 3 > 0. With the help of (3.2),(3.3)and ¢ =1, (3.8) can transformed into
F(a()-Ta@),8 )= Fe(R(u,u,u),8) = F(q(u) -Ta(u),8 )> Fe(L"* R(u,u,u).8) (39
forall ueU and all § >0. From, (3.7) and (3.9), we get F(q(u)—Tq(u),8)>F (Ll’0 (u,u,u), 8)

Thus, (FP2(i)) of Theorem 1.6 holds. Onc % asln by (FPZ(lT) of Theore{n JﬁG theﬁe exists a fixed point Q
of T in @ such that Q(u): F—Ilmj— or imF|{Q(u) 4—8 =1 forall ueU and
P DY bon | ny )

all & > 0 . By proceding the identical method in the Theorem 2.1 we can prove the function, Q U -V
is quartic and it satisfies the functional equation (1.3). Over again by (FP2(iii)) of Theorem 1.6 Q is the
one and one function of T inthe set ¥ = {qe®|d(q,Q) <0}, such that

F(au) -Qu)d ) >F ( K R(u,u,u)8 )
forall ueU andall 3 >0. All over again by (FP2(iv)) of Theorem 1.6, we desired our result.

Example 3.2 If q:U ——V fulfilling the functional inequality

(
\ PR
F(Q(u,u,,u;),8)2 F\bZIUI SJ (3.10)

. )
[P bl Tiu 18 |
[ U )

for all u,uz2,us €U and all & >0 where b is a positive integer. Then there exists one and only quartic
function Q:U——V satisfying the functional equation (1.3) and

F(303 6 -1 );
F(Q(u)—q(u),&)z | F '(6b|u ,6 |6“—6a D; az4 (3.11)

l

|; a+a +a =4

J 1 2 3

F ‘(626b ulE" s 66

forall ueU andall 6 >0.
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(
lF (IR

Proof. If we assume F (R(Uy,U,,U4),8 )24 F'[bY |u;| .8 | forall uyuz,us €U and all § >0,
F'bf Jlu |0 |,
| U )
then one can see that (3.1) holds. It follows from (3.2) and (3.3), we find that
| (F (30,6265 );
Fe (R(u,u,u),6263 ) = {F '(6b|u B ,6263 );
F(blu/6[e5);
and
(1 ( u u_ u) ) [F'(D 230,626 );
Fo__Rrite Ho Do 5 —dF(g*6b|uf,6265);
FLDi KDO Do Do) )| (O )

| F :(D 21+a2+a3—4b | u |a1+a2+a3 ,6 )1

forall ueU andall > 0. Hence one bring the inequality (3.11), by considering

L 6 1/6
6a—4 1/64—51
L pata +ag—4 1/64—a1+a2 +a3

Hence the proof is complete.
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